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EXOTIC SMOOTH STRUCTURES ON (2n + 2l − 1)CP2♯(2n + 4l − 1)CP
2
JONGIL PARK AND KI-HEON YUN
Abstract. As an application of ‘reverse engineering’ technique introduced by R. Fin-
tushel, D. Park and R. Stern [FPS], we construct an infinite family of fake (2n + 2l −
1)CP2♯(2n + 4l − 1)CP
2
’s for all n ≥ 0, l ≥ 1.
1. Introduction
Recently, R. Fintushel, D. Park and R. Stern introduced a new surgery, called ‘reverse
engineering’, and they constructed a family of homology (2n−1)(S2×S2)’s by performing
Luttinger surgeries on Σ2 × Σn+1 for any n ≥ 1 [FPS]. Here (2n − 1)(S
2 × S2) means
the connected sum of 2n − 1 copies of a 4-manifold S2 × S2 and Σg means a Riemann
surface of genus g.
In this short note, we present an easy way to produce an infinite family of fake
(2n + 2l − 1)CP2♯(2n + 4l − 1)CP
2
’s for all n ≥ 0, l ≥ 1. The main idea is very sim-
ple: For each n ≥ 0 and l ≥ 1, we first take a symplectic fiber sum with l copies of
Sym2(Σ3) and n copies of Σ2×Σ2 along an essential Lagrangian torus, where Sym
2(Σ3)
is the 2-fold symmetric product of genus 3 Riemann surface Σ3. And then we perform
5l+7n times ±1-Luttinger surgeries and one more k-surgery on the fiber sum 4-manifold
l(Sym2(Σ3))♯n(Σ2 × Σ2). Next we show that the resultant 4-manifolds are simply con-
nected, so that they are all homeomorphic to each other. Finally, by applying the same
technique in [FPS] for the computation of Seiberg-Witten invariants, we get the following
main result.
Theorem 1.1. For each n ≥ 0 and l ≥ 1, there are infinitely many exotic smooth
structures on the connected sum 4-manifold (2n + 2l − 1)CP2♯(2n + 4l − 1)CP
2
’s.
Remark. As a special case of Theorem 1.1 above, we have a new family of fake
3CP2♯5CP
2
’s and 3CP2♯7CP
2
’s. It is unclear whether these are diffeomorphic to the
fakes in [A, AP, ABP, BK].
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2. The main construction
We first briefly review a Luttinger surgery and R. Fintushel, D. Park and R. Stern’s
construction of homology S2 × S2’s ([ADK, BK, FPS] for details).
Let T be a torus in X such that [T ]2 = 0 and γ ⊂ T be a simple closed curve. By
p/q-surgery on T along γ, denoted by (T, γ, p/q), we mean
XT,γ(p/q) = (X − ν(T )) ∪ϕ (S
1 × S1 ×D2).
Here ϕ : S1 × S1 × ∂D2 → ∂(X − ν(T )) denotes a gluing map satisfying ϕ([∂D2]) =
q[γ′]+ p[µT ] in H1(∂(X − ν(T )), where µT is a meridian of T and γ
′ ⊂ ∂ν(T ) is a simple
closed curve homologous to γ in a tubular neighborhood ν(T ) of T . If T is an embedded
Lagrangian torus in a symplectic 4-manifold X and γ ⊂ T is a co-oriented simple closed
curve, then, by the Darboux-Weinstein theorem, each nearby torus T ′ of T in ν(T ) is
also Lagrangian torus and we can consider γ′ as Lagrangian push off of γ. In particular,
when p = 1 and q = k, the 1/k-surgery on T along γ is called 1/k-Luttinger surgery on
T along γ. Some of well-known properties of 1/k-Luttinger surgery on T along γ are the
following:
(1) π1(XT,γ(p/q)) = π1(X − T )/N(µ
p
T γ
′q).
(2) σ(X) = σ(XT,γ(p/q)) and e(X) = e(XT,γ(p/q)).
(3) If X is a symplectic manifold, then so is XT,γ(1/k).
(4) If γ∗ is the loop γ with the opposite co-orientation, then XT,γ∗(1/k) is symplec-
tomorphic to XT,γ((−1)/k).
By using these properties above, R. Fintushel, D. Park and R. Stern constructed ho-
mology S2×S2’s by performing eight times ±1-Luttinger surgeries on disjoint Lagrangian
tori in Σ2 × Σ2:
(a′1 × c
′
1, a
′
1,−1), (b
′
1 × c
′′
1, b
′
1,−1), (a
′
2 × c
′
2, a
′
2,−1), (b
′
2 × c
′′
2, b
′
2,−1),
(a′2 × c
′
1, c
′
1,+1), (a
′′
2 × d
′
1, d
′
1,+1), (a
′
1 × c
′
2, c
′
2,+1), (a
′′
1 × d
′
2, d
′
2,+k)
where {a1, b1, a2, b2}, {c1, d1, c2, d2} are the standard homotopy generators of Σ2 based at
x and y respectively and a′i, a
′′
i are parallel copies of ai in Σ2 such that, when we consider
them as based loops, a′i is homotopic to ai and a
′′
i is homotopic to biaib
−1
i relative to
the base point {x} × {y}. (Similarly, we choose parallel copies b′i, b
′′
i , b
′
i, b
′′
i , d
′
i, d
′′
i for
i = 1, 2.) Then there are 18 relations ([FPS] for details):
[b−11 , d
−1
1 ] = a1, [a
−1
1 , d1] = b1, [b
−1
2 , d
−1
2 ] = a2, [a
−1
2 , d2] = b2,
[d−11 , b
−1
2 ] = c1, [c
−1
1 , b2] = d1, [d
−1
2 , b
−1
1 ] = c2, [c
−1
2 , b1] = d2,
[a1, c1] = 1, [a1, c2] = 1, [a1, d2] = 1, [b1, c1] = 1,
[a2, c1] = 1, [a2, c2] = 1, [a2, d1] = 1, [b2, c2] = 1,
[a1, b1][a2, b2] = 1, [c1, d1][c2, d2] = 1
in the fundamental group and it gives a family of homology S2 × S2.
Proof of Theorem 1.1. We first construct an infinite family of homology (2n + 2l −
1)CP2♯(2n + 4l − 1)CP
2
’s by using a symplectic fiber sum and a Luttinger surgery.
And then we will show that they are in fact all simply connected.
Construction - Let us consider n copies of Σ2 × Σ2 with fixed base points (xi, yi)
such that x1 = x2 = · · · = xn ∈ Σ2 and y1 = y2 = · · · = yn ∈ Σ2, and let
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{ai,j , a
′
i,j, a
′′
i,j , · · · , di,j, d
′
i,j , d
′′
i,j} be the simple closed curves in the i-th copy of Σ2 × Σ2
such that a′i,j , a
′′
i,j are parallel copies of ai,j and a
′
i,j is homotopic to ai,j and a
′′
i,j is
homotopic to bi,jai,jb
−1
i,j relative to the base point (xi, yi). (Similarly, we choose parallel
copies b′i,j, b
′′
i,j, b
′
i,j, b
′′
i,j, d
′
i,j , d
′′
i,j for j = 1, 2.)
We define a symplectic 4-manifold Zn inductively as follows: Let us denote Z1 =
Σ2 × Σ2. Note that, when performing a symplectic fiber sum, we locally perturb the
symplectic form so that a′′i,1× d
′
i,2 becomes a symplectic torus of square 0 while all other
disjoint Lagrangian tori are still Lagrangian and a′′i,1 × d
′′
i,2 will be a symplectic torus of
square 0 in the i-th copy of Σ2 × Σ2. Let Zi = Zi−1♯a′′
i−1,1
×d′′
i−1,2
=a′′
i,1
×d′
i,2
Σ2 × Σ2 be a
symplectic 4-manifold obtained by taking a symplectic fiber sum along symplectic torus
a′′i−1,1 × d
′′
i−1,2 in Zi−1 and a
′′
i,1 × d
′
i,2 in the i-th copy of Σ2 × Σ2.
Let Sym2(Σ3) be the 2-fold symmetric product of a genus 3 Riemann surface Σ3, i.e.
the quotient space of Σ3 × Σ3 by using the involution τ : Σ3 × Σ3 → Σ3 × Σ3 defined
by τ(v,w) = (w, v). Let x ∈ Σ3 be a fixed base point of Σ3 and let fi, gi, i = 1, 2, 3,
be standard generators of π1(Σ3, x). Let z ∈ Sym
2(Σ3) be the image of (x, x) and we
will consider it as a fixed base point of Sym2(Σ3). Then π1(Sym
2(Σ3), z) = Z
6 and
{fi = fi × {x}, gi = gi × {x}| i = 1, 2, 3} are generators of π1(Sym
2(Σ3), z).
We define S1 = Sym
2(Σ3) and Ss = Ss−1♯f ′′s−1,1×g′′s−1,2=f ′′s,1×g′s,2Sym
2(Σ3) for s ≥ 2
by performing a symplectic fiber sum along torus f ′′s−1,1 × g
′′
s−1,2 and f
′′
s,1 × g
′
s,2 where
{fi,1, gi,1, fi,2, gi,2, fi,3, gi,3} are generators of the s-th copy of π1(Sym
2(Σ3)) correspond-
ing to the base point zs and we consider {f
′
s,j, f
′′
s,j, g
′
s,j , g
′′
s,j} as based loops in Sym
2(Σ3)
such that f ′s,j is homotopic to fs,j and f
′′
s,j is homotopic to gs,jfs,jg
−1
s,j ([FPS] for details).
For each integer n ≥ 0 and l ≥ 1, we define a symplectic 4-manifold Yl,n by
Yl,0 = Sl, Yl,n = Sl♯f ′′s,1×g′′s,2=a′′1,1×d′1,2Zn.
Then we construct a desired family of fake 4-manifolds, denoted by Y˜l,n,k, from Yl,n by
performing 7n+5l times ±1-Luttinger surgeries and one more surgery as follows: 7 times
±1-Luttinger surgeries on each copy of Σ2 × Σ2 -
(a′i,1 × c
′
i,1, a
′
i,1,−1), (b
′
i,1 × c
′′
i,1, b
′
i,1,−1), (a
′
i,2 × c
′
i,2, a
′
i,2,−1), (b
′
i,2 × c
′′
i,2, b
′
i,2,−1),
(a′i,2 × c
′
i,1, c
′
i,1,+1), (a
′′
i,2 × d
′
i,1, d
′
i,1,+1), (a
′
i,1 × c
′
i,2, c
′
i,2,+1),
5 times ±1-Luttinger surgeries on each copy of Sym2(Σ3) -
(f ′i,1 × f
′
i,2, f
′
i,2,+1), (f
′
i,1 × f
′
i,3.f
′
i,1,−1), (g
′
i,1 × f
′′
i,3, g
′
i,1,−1),
(f ′i,2 × f
′
i,3, f
′
i,3,+1), (f
′′
i,2 × g
′
i,3, g
′
i,3,+1),
and one more +k/1-surgery on f ′′1,1 × g
′
1,2 along g
′
1,2.
Computation of π1(Y˜l,n,k) - We take a base point (xi, yi) in each i-th copy of Σ2 × Σ2
and zs for the s-th copy of Sym
2(Σ3). Note that π1(Σ2 × Σ2, (xi, yi)) is generated
by {ai,1, ai,2, bi,1, bi,2, ci,1, ci,2, di,1, di,2} and π1(Sym
2(Σ3), zs) is generated by
{fs,j, gs,j|j = 1, 2, 3}.
Now we first find a group presentation of π1(Y˜l,n,k, z1). To do this we have to find a
path from z1 to a base point of Σ2×Σ2 or Sym
2(Σ3) located in Yl,n. We may assume that
zs ∈ ∂ν(f
′′
s,1×g
′
s,2), the fixed base point of s-th copy of Sym
2(Σ3). Since the complement
of six disjoint Lagrangian tori in Sym2(Σ3), on which we perform a surgery, is path
connected, there are paths ηs, 1 ≤ s ≤ l, from zs to a fixed point Qs ∈ ∂ν(f
′′
s,1 × g
′′
s,2).
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We may assume that ηs is located on gs,1 × fs,2 and a symplectic fiber sum identifies
Qs and zs+1, 1 ≤ s < l. Similarly, since the complement of eight disjoint Lagrangian
tori in Σ2 ×Σ2, on which we perform a surgery, is path connected, there are paths ηl+i,
1 ≤ i ≤ n, from (xi, yi) to a fixed point Ql+i ∈ ∂ν(a
′′
i,1 × d
′′
i,2) such that ηl+i is located
on bi,1× ci,2. We can also assume that (xi, yi) ∈ ∂ν(a
′′
i,1 × d
′
i,2) and we identify Ql+i and
(xi+1, yi+1), i = 0, 1, · · · , n− 1, when performing a symplectic fiber sum.
Figure 1.
Let γi be a path from z1 to zs or (xi, yi) which is defined as follows: γ1 is a constant
path based at z1 and γs = η1 · η2 · · · ηs−1 for 2 ≤ s ≤ l. In the same way, γl+i =
η1 · η2 · · · ηl · ηl+1 · · · ηl+i−1 be a path connecting z1 and (xi, yi).
In this article, we use the notation α(β) = α · β · α−1 for two paths α, β. Note that
each symplectic fiber sum between Sym2(Σ3) gives three relations
γs−1(gs−1,1 fs−1,1 g
−1
s−1,1) = γs(gs,1 fs,1 g
−1
s,1),(1)
γs−1(fs−1,2 gs−1,2 f
−1
s−1,2) = γs(gs,2),
γs−1(µ
′′
s−1) = γs(µ
′−1
s ),
as loops based at z1, where µ
′
s−1 is a meridian of f
′′
s−1,1 × g
′
s−1,2 and µ
′′
s−1 is a meridian
of f ′′s−1,1 × g
′′
s−1,2 which are considered as loops based at zs−1. When we perform a
symplectic fiber sum between Sl and Σ2 × Σ2, we have to add the following relations:
γl+1(b1,1 a1,1 b
−1
1,1) = γl(gl,1 fl,1 g
−1
l,1 ),(2)
γl+1(d1,2) = γl(fl,2 gl,2 f
−1
l,2 ), γl(µ
′′
l ) = γl+1(µ
′−1
l+1).
Similarly, performing a symplectic fiber sum between Yl,i−1 (i ≥ 2) and Σ2 × Σ2, the
following three relations hold:
γl+i−1(bi−1,1 ai−1,1 b
−1
i−1,1) = γl+i(bi,1 ai,1 b
−1
i,1 ),(3)
γl+i−1(ci−1,2 di−1,2 c
−1
i−1,2) = γl+i(di,2),
γl+i−1(µ
′′
l+i−1) = γl+i(µ
′−1
i+i),
where µ′l+i−1 is a meridian of a
′′
i−1,1 × d
′
i−1,2 and µ
′′
l+i−1 is a meridian of a
′′
i−1,1 × d
′′
i−1,2
which are considered as a loop based at (xi−1, yi−1).
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Note that, after performing 7 times ±1-Luttinger surgeries in each copy of Σ2 × Σ2
lying in Yl,n, we have 17 relations:
[b−1i,1 , d
−1
i,1 ] = ai,1, [a
−1
i,1 , di,1] = bi,1, [b
−1
i,2 , d
−1
i,2 ] = ai,2,(4)
[a−1i,2 , di,2] = bi,2, [d
−1
i,1 , b
−1
i,2 ] = ci,1, [c
−1
i,1 , bi,2] = di,1,
[d−1i,2 , b
−1
i,1 ] = ci,2, [ai,1, ci,1] = 1, [ai,1, ci,2] = 1,
[ai,1, di,2] = 1, [bi,1, ci,1] = 1, [ai,2, ci,1] = 1,
[ai,2, ci,2] = 1, [ai,2, di,1] = 1, [bi,2, ci,2] = 1,
[ai,1, bi,1][ai,2, bi,2] = 1, [ci,1, di,1][ci,2, di,2] = 1,
as loops based at (xi, yi). Furthermore, after performing 5 times ±1-Luttinger surgeries
in each copy of Sym2(Σ3) lying in Yl,n, we also have 14 relations:[
g−1s,1 , g
−1
s,2
]
= fs,2,
[
g−1s,1 , g
−1
s,3
]
= fs,1,
[
f−1s,1 , gs,3
]
= gs,1,
[
g−1s,2 , g
−1
s,3
]
= fs,3,(5) [
gs,2, f
−1
s,3
]
= gs,3, [fs,1, gs,1] = 1, [fs,1, fs,2] = 1, [fs,1, gs,2] = 1,
[fs,1, fs,3] = 1, [gs,1, fs,3] = 1, [fs,2, gs,2] = 1, [fs,2, fs,3] = 1,
[fs,2, gs,3] = 1, [fs,3, gs,3] = 1,
as loops based at zs and it gives
γs(fs,1) = γs(fs,2) = γs(gs,1) = 1,(6)
γs(
[
g−1s,2 , g
−1
s,3
]
) = γs(fs,3), γs(
[
gs,2, f
−1
s,3
]
) = γs(gs,3)
as loops based at z1 by the same method as in [FPS], i.e.
gs,1 = [f
−1
s,1 , gs,3] = [f
−1
s,1 , [gs,2, f
−1
s,3 ]] = 1
because [fs,1, fs,3] = 1 and [fs,1, gs,2] = 1.
Note that, since g1,1 = 1 due to the relation (6), the last surgery (f
′′
1,1× g
′
1,2, g
′
1,2,+k)
gives a relation
(7) g1,2 = ([g1,1, f
−1
1,2 ])
k = 1,
so that the relations (1) and (7) give γs(gs,2) = 1 for each s = 2, · · · , l and if we apply
this to the relation (6), we also get
(8) γs(fs,m) = γs(gs,m) = 1 for all s = 1, · · · , l, m = 1, 2, 3.
Hence the relations (8) and (2) imply
γl+1(a1,1) = 1 = γl+1(d1,2)
as loops based at z1 and if we apply this to the relation (4) again, then we also get
(9) γl+1(a1,j) = γl+1(b1,j) = γl+1(c1,j) = γl+1(d1,j) = 1 for j = 1, 2.
Now, by an induction argument using relations (9), (3) and(4), we get
(10) γl+i(ai,j) = γl+i(bi,j) = γl+i(ci,j) = γl+i(di,j) = 1 for all i = 1, · · · , n, j = 1, 2.
Therefore we have π1(Y˜l,n,k, z1) = 1 from the relations (8) and (10).
Exotic smooth structures - Since e(Sym2(Σ3)) = 6 and σ(Sym
2(Σ3)) = −2, we
can get easily e(Yl,n) = 4n + 6l, σ(Yl,n) = −2l and e(Y˜l,n,k) = 4n + 6l, σ(Y˜l,n,k) =
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−2l, b1(Y˜l,n,k) = 0, so that we have b
+
2 (Y˜l,n,k)) = 2n+2l−1, and b
−
2 (Y˜l,n,k)) = 2n+4l−1.
Furthermore, since there are at least 3l disjoint tori of square −1 in Y˜l,n,k, descended
from each copy of Sym2(Σ3) (refer to Section 3 in [FPS]), the manifold Y˜l,n,k is nonspin,
so that it is homeomorphic to the connected sum (2n+ 2l − 1)CP2♯(2n + 4l − 1)CP
2
.
Finally, by applying R. Fintushel, D. Park and R. Stern’s argument (refer to page 9
and Theorem 1 in [FPS]) to Y˜l,n,1, we conclude that a family of 4-manifolds {Y˜l,n,k | k ≥ 1}
contain infinitely many pairwise non-diffeomorphic fake (2n + 2l − 1)CP2♯(2n + 4l −
1)CP
2
’s. 
Remark. Note that the fundamental group π1(Y˜l,n,k) is trivial due to the presence
of Sym2(Σ3). But, in the case l = 0, we do not know whether it is trivial or not as
mentioned in [FPS].
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